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FINITE ELEMENT APPROXIMATION OF ELLIPTIC HOMOGENIZATION
PROBLEMS IN NONDIVERGENCE-FORM

YVES CAPDEBOSCQ!, TIMO SPREKELER? AND ENDRE SULI?

Abstract. We use uniform W?2? estimates to obtain corrector results for periodic homogenization
problems of the form A(z/e) : D*u. = f subject to a homogeneous Dirichlet boundary condition.
We propose and rigorously analyze a numerical scheme based on finite element approximations for
such nondivergence-form homogenization problems. The second part of the paper focuses on the
approximation of the corrector and numerical homogenization for the case of nonuniformly oscillating
coefficients. Numerical experiments demonstrate the performance of the scheme.
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1. INTRODUCTION

In this work we consider second-order elliptic equations of nondivergence structure, involving rapidly oscil-
lating coefficients, of the form

n

A (f) : D?u, = z aij (g) 82»2ju5 =f inQ, (1.1)

€ ~
1,7=1
subject to the homogeneous Dirichlet boundary condition

ue =0 on 0. (1.2)

Here we assume that @ C R" is a sufficiently regular bounded domain, & > 0 is small, and that A = (a;;) :
R™ — R™*" ig a symmetric, uniformly elliptic and (0, 1)"-periodic matrix-valued function such that

A € WH(Y) for some q > n,

where Y := (0,1)" denotes the unit cell; see Section 2.1. The main goal of this paper is to propose and analyze
a numerical homogenization scheme for (1.1), (1.2) that is based on finite element approximations.

The theory of periodic homogenization is concerned with the limiting behavior of the solutions as the oscil-
lation parameter e tends to zero. For the problem (1.1), (1.2) under consideration a classical homogenization
theorem (see [14, Sec. 3, Theorem 5.2]) states that the solution sequence (ug).>o converges in an appropriate
Sobolev space to the solution ug to the problem

A’ D%uy=f inQ,
up =0 on 9.

Here A € R™*™ is the constant matrix given by

AWiLAm, (1.4)

and m : R™ — R is the invariant measure, i.e., the solution to the problem

D?:(Am)=0 inY,

m is Y-periodic, [, m =1;
see Section 2 for further details. The task of numerical homogenization is the numerical approximation of the
matrix A° and the solution ug to the homogenized problem (1.3). As it turns out, uy provides a good approxi-
mation to u. in H*(f2), and by adding corrector terms it is possible to obtain an H?(2)-norm approximation.
Note that the approximation of (1.1), (1.2) by a standard H?(Q)-conforming finite element method does not
yield error bounds independent of ¢, since for s > 0 one has that

||u5||H2+s(Q) =0 (675) .

The motivation for investigating second-order elliptic problems in nondivergence-form comes from physics,
engineering, as well as mathematical areas such as stochastic analysis. A notable example of a nonlinear
PDE of nondivergence structure is the Hamilton—Jacobi—Bellman equation, which arises in stochastic control
theory. The asymptotic behavior of PDEs with rapidly oscillating coefficients is also of importance when micro-
inhomogeneous media are investigated.
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Over the past decades significant work has been done on periodic homogenization of elliptic problems in
divergence-form; numerical homogenization for nondivergence-form problems is however less developed.
The theory of homogenization of divergence-form problems such as

V- (A (g) Vug) +b (g) Vu.=f inQ (1.5)

with periodic and sufficiently regular A : R® — R™ ™ and b : R® — R"™ is extensively covered in the books
[6,14,18,38]. For divergence-form problems, various multiscale finite element methods (MsFEM) have been
developed, which have the advantage over classical finite element methods of providing accurate approximations
for very small values of € even for moderate values of the grid size. The book [20] by Efendiev and Hou contains
a detailed overview of these methods.

It is important to note that although, if A is sufficiently smooth, equation (1.1) can be rewritten in divergence-
form,

V- (A <2> vug) - é (divA) (g) Vu.=f inQ, (1.6)

this equation does not fit into the framework of divergence-form homogenization problems such as (1.5), because
of the e~! term in front of the first-order term in (1.6). Such diffusion models with large drift have been
considered by various authors [7,8,17,21,31, 32]; they require either specific assumptions or the resolution of
additional computationally onerous spectral problems.

For the theory of homogenization of nondivergence-form problems such as (1.1) we refer to the monograph [14]
by Bensoussan, Lions and Papanicolaou, to the paper [10] by Avellaneda and Lin, and the references therein. In
[13], Bensoussan, Boccardo and Murat study the more general problem involving a Hamiltonian with quadratic
growth. Numerical homogenization for nondivergence-form problems using finite difference schemes has been
considered in [23] by Froese and Oberman.

The numerical method presented in this paper has resemblances with the finite element heterogeneous mul-
tiscale method (HMM). The HMM has been introduced in [19] by E and Engquist and has been successfully
applied to many multiscale problems. For an overview of the field of finite element HMM, we refer to the
articles [2-5] by Abdulle and co-authors, and the references therein. An a priori error analysis for the fully dis-
crete finite element HMM for elliptic homogenization problems in divergence-form can be found in the work [1]
by Abdulle. Concerning nondivergence-form problems, a finite difference HMM has recently been used for
the numerical homogenization of second-order hyperbolic nondivergence-form problems by Arjmand and Kreiss
in [9].

The first step in the development of the proposed numerical homogenization scheme is the construction of
a finite element method to obtain approximations (mp)pso0 C HJ,(Y) to the invariant measure with optimal
order convergence rate

lm = mn|[2¢v) + hllm = mnp |y Sh 12}{4 [m = (On + Dz v,
Uh h

where Mj, denotes the finite-dimensional subspace of Héer(Y) consisting of continuous Y-periodic piecewise
linear functions on the triangulation with zero mean over Y'; see Theorem 3.1.

Throughout this work, we use the notation a < b for a,b € R to denote that a < Cb for some constant C' > 0
that does not depend on ¢ and the discretization parameters.

The second step is to obtain approximations (A%)h>0 C R™ " to the constant matrix A°; see Lemma 3.3.
To this end, the integrand in (1.4) is replaced by its continuous piecewise linear interpolant and the invariant
measure m is replaced by the approximation my, i.e.,

AO ::/Ih(Amh),
Y
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which can be computed exactly using an appropriate quadrature rule.
The third step is to perform an H?*(§2)-conforming (s € {1,2}) finite element approximation for the problem

A9 D2ug =f inQ,
ul =0 on 09,

on a family of triangulations of the computational domain 2, parametrized by a discretization parameter H > 0,
measuring the granularity of the triangulation, to obtain (uf'™)n o C H*(Q) N HL(Q) with

h h,H
Huo — Uy HHS(Q) S HHf”HS—l(Q)a

where the constant is independent of h; see Lemma 3.6. Note that for the sake of approximating wug, an
H'(Q)-conforming finite element method is sufficient.

The approximation (ug’H)h7H>0 C H*(Q) N H () obtained by this procedure approximates ug, i.e., the
solution to (1.3), with convergence rate

wo—ug M| S e DI 0,

which can be improved to O(h? + H) for more regular A; see Theorem 3.5, Theorem 3.9 and Remark 3.10.
Concerning the approximation of u., i.e., the solution to (1.1), (1.2), we show in Section 2 that under certain
assumptions on the domain and the right-hand side, one has that

n
ue —ug — € > X (g) 9Zuo S Ve uollwz (o) +elluoll s,
wI=t H2(2)
where the corrector functions x;; : R =+ R, 4,5 =1,...,n, are defined as the solutions to

A: D%y, = a?j —a; inY,
Xij is Y-periodic, fy Xij = 0.

This provides us with the estimate

n n
e = wollarny + Y ||0R — (0o + > (0Fxis) (=) o = O(vE),
k=1 ij=1 < L2(Q)
which shows that ug is a good H'(2)-norm approximation to u. for small £, and we show in Sections 3.2 and
3.3 how the above estimate can be used to obtain approximations to D?u.. Note that in order to approximate
ue in the H'(Q)-norm, it is sufficient to approximate ug in the H'(Q)-norm. However, for an approximation of
D?u. based on the above corrector estimate, we need to approximate ug in the H?()-norm.
In Section 3.4, we extend our results to the case of nonuniformly oscillating coefficients, i.e., to problems of
the form

(1.7)
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where A = A(z,y) : @ xR™ = R™*™ is a symmetric, uniformly elliptic matrix-valued function that is Y-periodic
in y for fixed = € 2, and such that

Ae WQ’OO(Q; Wl’q(Y)) for some g > n.

We prove the corrector estimate

n
Ue — Uy — e? Z Xij ('7 g) 3%”0 S \EHUOHWZW(Q) + 5||“0||H4(Q)a
wI=t H2(2)

where ug is the solution to the homogenized problem corresponding to (1.7) and x;; are certain corrector
functions. We then discuss the numerical approximation of u. based on this corrector estimate; see Section 3.4.
In Section 4, we present numerical experiments for problems with periodic and nonuniformly oscillating
coefficients, demonstrating the theoretical results.
Finally, in Section 5, we collect the proofs of the results contained in this work.

2. HOMOGENIZATION OF ELLIPTIC PROBLEMS IN NONDIVERGENCE-FORM

In this section, we study the homogenization of elliptic problems in nondivergence-form with periodic coeffi-
cients. The outline of this section is as follows.

We provide the statement of the problem in Section 2.1, i.e., we define sets of assumptions for the domain,
the coefficients and the right-hand side, ensuring well-posedness of the problem. In Section 2.2, we introduce
the invariant measure and describe a well-known procedure for transforming the original nondivergence-form
problem into a divergence-form problem. This is used in Section 2.3 in combination with uniform W?2? estimates
to carry out the homogenization for the problem under consideration. Finally, we introduce correctors in Section
2.4 and derive W2 homogenization results.

2.1. Framework

We denote the unit cell in R™ by
Y :=(0,1)",
and consider a symmetric matrix-valued function
A=AT:R* 5 RV
with the properties

A e WHa(Y) for some q € (n, o0,
A is Y-periodic, (2.1)
INA>0: MEP < A(y)E-€ < AP VEyeR™

By Sobolev embedding, we then have that
A € C¥*(R™) for some 0 < a < 1.
For € > 0, we are concerned with the problem
A (f) :D*u. = f inQ,
) u: =0 on 09,
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where the triple (£2, A, f) satisfies one of the following sets of assumptions.
Definition 2.1 (Sets of assumptions G™P, H™). For m € Ny and p € (1,00), we define the set of assumptions
G™P as
Q C R" is a bounded C*7 domain, vy € (0, 1),
(LA flegm? <— A= AT R - R™*" satisfies (2.1),
fewmr(Q),

and the set of assumptions H™ as

Q C R" is a bounded convex domain,
A= AT R" - R™" satisfies (2.1),
QA fleH” <— Al?
( 7 36 € (0,1] : Al <
(trd)2 “"n—-1490
feH™Q).

in R™,

Remark 2.2. For n = 2, the Cordes condition, i.e., that there exists a § € (0, 1] such that

[Ay)[?
(trA(y))2 " n—1+94

Vy e R, (2.3)

is a consequence of the uniform ellipticity condition. Indeed, for A = AT : R? — R?*2 satisfying (2.1), we have
that

AP 2detAly) 2?1 .
L -4 il C 2/ Q) [
AR T A ST i T i1gs  VYER

with § = % € (0,1]. Therefore, when n = 2, the set H™ can be simplified to

Q C R" is a bounded convex domain,
QA fleH" —= A= AT :R" - R™" satisfies (2.1),
fe H™(Q).
The following theorem asserts well-posedness of the problem (2.2); see [26, Theorem 9.15] and [36, Theorem
3].

Theorem 2.3 (Existence and uniqueness of strong solutions). Assume either that (2, A, f) € GOP for some
p € (1,00), or that (Q, A, f) € H° and p = 2. Then, for any € > 0, the problem (2.2) admits a unique solution
ue € W2P(Q) N Wy (Q).

2.2. Transformation into Divergence-Form

We recall a well-known procedure to transform the problem (2.2) into divergence-form; see [10,14]. We use
the notation

Wper(Y) 1= {u €Hy,.(Y): /Yu = 0} :

Let us start by introducing the notion of invariant measure; see [14].
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Lemma 2.4 (Invariant measure and solvability condition). Let A = AT : R® — R"*" satisfy (2.1). Then,
there exists a unique solution m : R™ — R to the problem

D?: (Am)=0 inY,
m is Y -periodic, [, m =1.

The function m is called the invariant measure. We have that m € WYH4(Y), see [15, 16], and there eist
constants m, M > 0 such that
0<m<m(y) <M Vy e R"™. (2.4)

Moreover, for a 'Y -periodic function g € L*(R™), the (adjoint) problem

A:D>u=g inY,
u is Y -periodic, [, u =0,
admits a solution u € Wpe(Y') if and only if
(g, m)r2(vy = 0. (2.5)
We note that the function m is only in W14(Y') in general, and in particular it does not belong to H?(Y'), as
can be seen from the example chosen in Section 4.1. With the invariant measure m at hand, we can easily convert
the problem into divergence-form as follows. We define a matrix-valued function B = (b;;)1<i j<n : R — R™*"
by
bij = &-vj - 8jvi, (1 S ’L,] S n),
with v; € Wper(Y') denoting the solution to

—Ay; =div(Am)-¢ inY,
vy is Y-periodic, [, v; =0,

for 1 <1 <mn. Since A € WH4(Y) and m € Wh4(Y), by elliptic regularity one has that v; € W4(Y') for any
1 <1 < n. Hence, we have that

B e Wh(Y).
Further, we observe that B is skew-symmetric, Y-periodic with zero mean over Y, and that
div(B) = —div(Am) a.e. on R™.
Now we let
AW = Am 4+ B € WH(Y).
Then, since

div(A%Y) = 0,
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and using the fact that B is skew-symmetric, we obtain
V- (Adi" (g) Vus) = Al (g) : D%u, = (Am) (7) : D%y,

that is, we have converted (2.2) into divergence-form:

AV (Adiv (g) Vus) =fm (g> in Q, (2.6)
ue =0 on 01},

and it is straightforward to check that A% is Y-periodic, Hélder continuous on R™ and uniformly elliptic.

2.3. Uniform W?? Estimates and Homogenization Theorem

The transformation described in the previous section can be used to obtain uniform W?2?({2) a priori estimates
for the solution of (2.2), which are crucial in deriving homogenization results.

Theorem 2.5 (Uniform W?2P? a priori estimates). Assume either that (0, A, f) € GOP for some p € (1,00),
or that (0, A, f) € H® and p = 2. Then, for e € (0,1], the solution u. € W22(Q) N W, P(Q) to (2.2), whose
existence and uniqueness are guaranteed by Theorem 2.3, satisfies

lluellwzr)y S IfllLe)

with the constant absorbed into the notation < being independent of €.

This leads to a simple proof of the homogenization theorem for problem (2.2), using the compactness of the
embedding W2P(Q) — W1P(Q) and the fact that we can rewrite the problem as (2.6).

Theorem 2.6 (Homogenization theorem for nondivergence-form problems). Assume either that (2, A, f) € GOP
for some p € (1,00), or that (2, A, f) € H® and p = 2. Then the solution u. € W2P(Q2) N WyP(Q) to (2.2)
converges weakly in W2P () to the solution ug € W2P(2) N W, P(Q) of the homogenized problem

A% D%y = in €,
{ up=f in 2.7)

ug =0 on 09,

with A® = (agjhgi,jgn € R™™ being the constant matriz whose entries are given by

0 ..
ai; ::/ a;;m (1<i,5<n),
Y
where m is the invariant measure, as defined in Lemma 2.4.

2.4. Correctors

We show next that by adding corrector terms to the solution wug of the homogenized problem we obtain a
W?2P convergence result.

Theorem 2.7 (Corrector estimate I). Assume either that (Q, A, f) € G*P for some p € (1,00), or that
(Q,A, f) € H? and p=2. Let € € (0,1] and assume that

ug € WHP(Q).
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Introducing the corrector function x;j, 1 < 4,5 < n, as the solution to

A PQXij :'a?j' — Qjj m Y, (28)

Xij is Y -periodic, [, xi; =0,
and a boundary corrector ., as the solution to

A (g) . D%, =0 in Q,
96 = — Z Xij (g) 8%110 on 8Q,
1,9=1
the following bound holds:
we—uo = | 37 xis () Ofuo + 0. S elluolwse- (2:9)
hi=t W2p(Q)

The following theorem shows that if ug € W4P(Q) N W2°°(Q), then we can absorb the term involving the
boundary corrector into the right-hand side at the cost of powers of ¢.

Theorem 2.8 (Corrector estimate II). Assume either that (2, A, f) € G*P for some p € (1,00), or that
(A f)eH? and p=2. Lete € (0,1] and assume that

ug € WHP(Q) N W2%°(Q). (2.10)

Then,

n
Ue — UY — g? Z Xij (g) 8i2ju0 S 5% HUOHWlw(Q) + 5||u0||W4=P(Q)«
ij=1 W2p(Q)

Let us remark that W*P(Q) — W2°°(Q) for p > 2, i.e., assumption (2.10) is for p > 2 a consequence
of uy € W4P(2); in particular, for dimensions n € {2,3} and p = 2, one can replace condition (2.10) by the
sufficient condition uy € H*(1).

Let us recall that wug is the solution to the elliptic constant-coefficient problem (2.7). For bounded convex
polygonal domains (n = 2), ug € H*(Q) can be ensured by assuming that f € H?(Q2) satisfies certain compati-
bility conditions at the corners of the domain. In the case of Poisson’s equation on Q = (0,1)2, a necessary and
sufficient condition for ug € H*(Q) N H(Q) is that f € H*(Q2) and f = 0 at the corners of 2; see [29]. We note
that these conditions are satisfied for functions f € H?(Q) such that supp(f) € Q; see [27].

3. THE NUMERICAL SCHEME

In this section, we present and rigorously analyze the proposed numerical scheme. The outline of this section
is as follows.

Section 3.1 is divided into three parts and discusses the numerical homogenization. In the first part, we
approximate the invariant measure by a finite element method and provide a convergence result for the approx-
imation. This is then used in the second part to obtain an approximation to the effective coefficients, i.e., to the
constant matrix A°. In the third part, we use a finite element method to discretize the homogenized problem
and show convergence results for the approximation of the homogenized solution in H'(Q) and H?(Q2), using
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the approximated effective coefficients, a comparison result, and two technical lemmata. Improvements to the
convergence rates are given, provided more regularity on the coefficients is assumed.

In Section 3.2, we address the approximation of the corrector functions, presenting a method of successively
approximating higher derivatives. We then use the homogenization results obtained in Section 2 and the approx-
imations of the homogenized solution and the corrector functions from the previous subsections to approximate
the original solution wu. in Section 3.3.

Finally, we study the case of nonuniformly oscillating coefficients in Section 3.4, derive homogenization results
similar to the case of periodic coefficients and discuss the numerical homogenization for this case.

3.1. Numerical Homogenization Scheme
The first step is to approximate the invariant measure.

3.1.1. Approzimation of m

For the approximation of the invariant measure m, we consider a shape-regular triangulation of Y into
triangles with longest edge h > 0 and let

My € Woe¥) = {o € 3 (1) [ 0= 0}

be the finite-dimensional subspace of We,(Y') consisting of continuous Y -periodic piecewise linear functions on
the triangulation with zero mean over Y. We assume that

Then we have the following approximation result for m.

Theorem 3.1 (Approximation of the invariant measure). Let A = AT : R® — R"*" satisfy (2.1). Then, for
h > 0 sufficiently small, there exists a unique my € My such that

/ (Avmh +mpdivA) - Vo, = —/ (divA) - Vop, Yy € Mh, (3.1)
Y Y

and writing
mp = mp + 1,
we have that

lm = mn|[2¢vy + hllm = mp| gy Shinf [lm — (O, + 1)[mv),
vp€EMp

where m is the invariant measure, as defined in Lemma 2.4.

Remark 3.2. In particular, since

Cinf [lm — (9 + D)||gr vy = o(1),
Vp EMp,

we have that
mp —m in HY(Y)

as h tends to zero.
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3.1.2. Approzimation of A°

We use this finite element approximation of the invariant measure to obtain an approximation to the constant

matrix
A% = / Am.
Y

To this end, we first replace the invariant measure m by the approximation my from Theorem 3.1, and then
replace the integrand by its piecewise linear interpolant,

AO Z:/Y.’Zh(Amh).

This integral can be computed exactly using an appropriate quadrature rule. The following lemma gives an
error estimate for this approximation.

Lemma 3.3 (Approximation of A%). Let A = A" : R™ — R™ " satisfy (2.1). Further, let A° = (af;) € R™*"
be the constant matriz given by Theorem 2.6, let m;, be the approximation to the invariant measure given by
Theorem 5.1, and let A) = (a?j7h) € R™™ be the matriz given by

angL = / Ih(aijmh)a 1 < Z7.7 <n.
Y

Then, for h > 0 sufficiently small, AY is elliptic and

0 0 <
max |a;; — a;; h.
1<ij<n | iJ ij,h| ~

3.1.3. Approximation of ug

For the approximation of the solution ug to the homogenized problem, we use the following comparison result
for the error committed when replacing A° by A9.

Lemma 3.4 (Comparison result). Assume either that (2, A, f) € G%2 or that (Q, A, f) € H°. Let A) € R™*"
be the approzimation to A° as in Lemma 3.3. Then, for h > 0 sufficiently small, we have that

o — ugllmz) < Bl FllL2 @)

where ul} € H?(Q) N H(Q) is the solution to the problem

AV D2yl = in €,
{ wiDe =1 (3.2)

ug =0 on 09,
and ug € H?(2) N H(Q) is the solution to the homogenized problem (2.7).

Finally, we can use an H}(Q)-conforming finite element approximation ug’H to the solution ul of (3.2),
satisfying the error bound

h,H
[ =], )  HE 0 < HIS o

with constants independent of h. By the triangle inequality and the results obtained in this section, we have
the following approximation result for wug.
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Theorem 3.5 (H'-norm approximation of ug). Assume either that (2, A, f) € G%2, or that (2, A, f) € HO.
Then, the approximation ug’H obtained by the procedure described above satisfies

[0 =], ) S 0 DAl 200)-

Let us now assume either that (92, A, f) € G412 or that (2, A, f) € H!. Further, assume that for h > 0
sufficiently small, we have that u?? € H3(2) with

HUOHH3(Q) Sl ) - (3.3)

where the constant is independent of h. The following lemma provides two situations where this is satisfied.

Lemma 3.6. Let (0, A, f) be such that

(1) (A, f) € GY? with 9Q € C3, or

(i1) (Q, A, f) € HY with Q C R? being a polygon and f € H ().
Then, for h > 0 sufficiently small, (3.3) holds.

In the proof of Lemma 3.6, we use the following result on the regularity of solutions to Poisson’s problem on
convex polygons; see also [27,29,30, 33].

Lemma 3.7. Let Q C R? be a convex polygonal domain and f € H}(Q). Then the solution u € H} () to the
problem

Au=f 1inQ,
{ u=0 on 990,
satisfies the bound
lullms @) < 1f [l - (3.4)

Remark 3.8. The assumption f € H}(Q) in Lemma 3.7 can be weakened provided f satisfies certain compat-
ibility conditions; see [27, Theorem 5.1.2.4].

Then an H?(2) N H}(2)-conforming finite element approximation ug H

satisfies the error bound

to the solution ul! of (3.2), that

[ =5 ]| gy S H 0l < H 1 i (3.5)

provides by Lemma 3.4 and the triangle inequality an approximation to ug.

Theorem 3.9 (H?-norm approximation of ug). Assume either that (Q, A, f) € GY2 or that (0, A, f) € H,
and assume (3.3). Then, the approximation ug’H obtained by the procedure described above satisfies

o =] . g S Bt IS

Remark 3.10 (Improvements). We note that if we assume that A € W2°°(Y), then we have the following
improved results.

(i) Approximation of m: In this case, m € H?(Y) and we have that

inﬁ ||m - (f)h + 1)HH1(Y) < Hm —Ihm - / (m —Ihm)H 5 h||m||H2(y),
D EMp Y H\(Y)
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by choosing vy, = Zym — fY Irm, and using an interpolation error bound. Therefore, Theorem 3.1 yields
[m = mpllz2cvy + hllm —mal g vy S B2 Iml 2y
(ii) Approximation of A%: By an interpolation error bound and the fact that my, is piecewise linear, one has

llaizmn — Zn(aizmn)|| vy S hPllaijllwz.ee oy lmn | g vy-
Therefore, the proof of Lemma 3.3 yields

0 0 2 2
12?%(” ‘%‘ - aij,h’ Sh ”A”WQW(Y)”mHH?(Y) Sh ||A||W2=°°(Y)~
(791) Approximation of ug: It follows that the results of Lemma 3.4, Theorem 3.5 and Theorem 3.9 can be
improved to second-order convergence in h, i.e.,

H h,H

up — ug’ S (B Allwzoe vy + H)|[ fllae-1) = Oh* + H),

HHs(Q)

for s = 1,2, respectively.

We note that second-order convergence with respect to h could not have been obtained by using a piecewise
constant approximation of a;;m; instead of the piecewise linear approximation considered here. For the ap-
proximation of derivatives of ug of higher than second order, the post-processing method of Babuska in [12] can
be used to obtain error bounds in norms involving derivatives of higher order than the energy norm (the norm
natural to the problem).

For bounded convex polygonal domains Q C R?, an H?-conforming approximation to the solution of (3.2)
can be obtained as follows. Assume that f € H} () so that (3.3) holds. Consider a shape-regular triangulation
of  into triangles with longest edge H > 0, and let

Vg C H*(Q) N Hy(Q)

be an appropriate finite element space. In practice, the Hsieh—Clough—Tocher element and the Argyris element
can be used as H2-conforming elements. Then, for h > 0 sufficiently small, standard finite element analysis can
be used to show that there is a unique function uj* € Vi such that

/ (A% : D2ug’H> (A?L : D2<pH) = / f (A% : D2<pH) Yo € Vy, (3.6)
Q Q

and that the error bound (3.5) holds.

Further finite element approaches for approximating the solution of nondivergence-form problems include
the conforming method [34] that makes use of a finite element Hessian, the discontinuous hp-Galerkin method
[36,37], the primal method [22] similar to an interior penalty discontinuous Galerkin method, the mixed finite
element method [25], and the variational formulations presented in [24].

3.2. Approximation of the Corrector

We now address problem (2.8) and present a method for A € W2°°(Y). To simplify the notation and the
arguments, we assume that we know the invariant measure m and the matrix A° = (a?j)lgingn exactly instead
of working with our approximation A9.

For a given Y-periodic right-hand side g € W2°°(Y), we consider the problem

—V - (AVyx) + (divA) - Vx =—g inY,
X is Y-periodic, [, x = 0.
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Obtaining an approximation for second-order derivatives via finite elements is not straightforward since the
natural solution space is Wpe(Y'). We present a method of successively approximating higher derivatives.
Let x5, be a Wye (Y)-conforming finite element approximation to , i.e.,

Xh € Vh, /AVxh~V<p+/
Y

So(diVA)'th:*/QSO Vo e W,
Y Y

with Vj, C Wye(Y) finite-dimensional, and satisfying the error estimate
Ixn = xllzr vy S h-
Let r € {1,...,n} and write &, := 9, x. Then, using the equation
-V - (AVy) + (divA) - Vx=—g inY,
we find that in a weak sense, one has
=V (AVE) 4+ (divA) - V& = =0,g+ V- (0,AVX) — (div(d,A)) - Vx inY.

Further, we claim that &, € Wye(Y'). Indeed, this follows from the regularity and periodicity of x and

/8,.)(:/ xv - e, =0.
Y oY

=V (AV¢,) + (divA) - V& = 0,9 + V- (0, AVX) — (div(9,;A4)) - Vx inY,
& is Y-periodic, [ & = 0.

Therefore, & € Wpe(Y') satisfies

Now we use our H'-conforming approximation for x for the right-hand side and use a Wpe(Y')-conforming
finite element method for approximating the solution v € Wye,(Y') to the following problem:

{—V - (AVY) 4+ (divA) - Vv = =0,9 + V- (0,AVxyp) — (div(0,A)) - Vxp —c inY, 3.7)

v is Y-periodic, [, v =0,

where c is such that this problem admits a unique solution (such that the solvability condition (2.5) is satisfied).
By looking at the problem for v — &, one obtains the comparison result

v =& llmr vy SV (0rAV(Xn — X)) lwper vy + 1 (div(0-A)) - V(X — X)) W,er (v)
S Allwzee vy lIXa = Xl E1(v)
S hl|Allw2. vy = O(h).

Let v;, be a Wper(Y)-conforming finite element approximation to the solution v of (3.7) satisfying
lvn —vllg1 vy < Ch

for some constant C' = C(||Al|yy2.5(y)) > 0. Then, using the triangle inequality, we obtain
lvn — & llar vy < Ch

for some constant C' = C(||A|lw2.(y)) > 0. Using this procedure for r = 1,...,n, we eventually obtain
approximations to derivatives of order up to two of x.
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3.3. Approximation of u.
We assume either that (Q, A, f) € G2 or that (Q, A, f) € H?. Let n € {2,3}, € € (0, 1], and assume that
U € H4(Q)

Then we know that (2.10) is satisfied, and by Theorem 2.8 we have that

w—ug =23 X (g) 2.0 < Ve [uollwz.e @) + €lluoll e (@) (3.8)
wI=t H2(2)

where ug is the solution to the homogenized problem, and x;; are the corrector functions given as the solutions
to (2.8). This result can be used to construct an approximation of u., i.e., to the solution of problem (2.2) for
small e. We note that (3.8) implies that

n n
e — uollmr (o) + Z Rue — | Ofyuo + Z (071xis) (g) 97uo < Ve lluollwe @) + €lluoll mao)-
k=1

nI=t L2(Q)

(3.9)

This leads to the following approximation result for u,.

Theorem 3.11 (Approximation of u.). In the situation described above, let (uop)n>0 C H*(Q) be a family of
H?-conforming approzimations for ug satisfying the error bound

luo — uo.nllzzQ) S Il ()

and for 1 < i,j,k,1 < n, let (ijl7h)h>0 C LfM(Y) be a family of L* approzimations for 03,x.; satisfying the
error bound

2 ki
0ixij — Zij,h”L"’(Y) S h
Then, by writing
n
Kl ._ 52 k() 92
ugp 1= Ojuo,n + Z Zi5 h (*) 0710,

g
ij=1

we have that

(o) + Z | 0%y — Ulg,thLl(Q) < (Ve + h) [Juollwz (o) + €lluoll ga) + bl f |l a2 0)-
k=1

lue — wo,n

In connection with the previously described approximation of the homogenized solution ug and the corrector
functions y;;, note that Theorem 3.9 provides an H?({)-conforming approximation to ug and the method
presented in Section 3.2 provides Lger(Y) approximations for the second-order partial derivatives of x;;, as
required for the setting of Theorem 3.11.

Let us conclude this section by remarking that if the second derivatives of the corrector functions are ap-
proximated in the space L™ (Y') or if the solution to the homogenized problem is approximated in the space

W?2°°(Q), then one obtains by a similar proof an approximation result for the second derivatives of u. in L?(€2).
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Remark 3.12. If (ijl,h)h>0 C L2, (Y) is a family of L> approximations for 0, x;; satisfying the error bound

||3131Xij - szjl,h”Lx(Y) = O(h),
and (uon)n>o0 is as in Theorem 3.11, then we have that
lue — wonllmy + Y [|0fue — uf,thLz(Q) = O(Ve +h).
k=1

The same holds true when (ug p)n>0 C W2°°(Q) is a family of W% -conforming approximations for ug satisfying
the error bound

l[uo = wo.nllw2e () = O(h),
and (ijl7h)h>o is as in Theorem 3.11.

3.4. Nonuniformly Oscillating Coefficients

In this section, we discuss the case of nonuniformly oscillating coefficients, i.e., coefficients depending on x
and Z. We consider the problem

A (,g) :D*u.=f inQ,
ue =0 on 08,

(3.10)

where the triple (Q, A, f) satisfies one of the following sets of assumptions.

Definition 3.13 (Sets of assumptions G, H). We write
(i) (Q, A, f) € Gif and only if Q C R™ is a bounded C?7 domain, f € L?(Q2), and A = AT : QxR" — R**"
satisfies
A= A(z,y) € W2(Q; WhH4(Y)) for some q € (n, o0],
A(z,-) is Y-periodic, (3.11)
INA>0: MNP < A(r,y)€-E<SAIE]? VEyeR™ x e

(ii) (Q, A, f) € H if and only if Q C R" is a bounded convex domain, f € L?(2), and A = AT : Q x R" —
R™ ™ satisfies (3.11) and

AwyP 1
(trA(z,y))2 " n—1+94

36 €(0,1] : V(z,y) € Q2 x R". (3.12)

In view of Remark 2.2, we see that the Cordes condition (3.12) is always satisfied when n = 2. Well-posedness
of the problem (3.10) is guaranteed by the following theorem; see [26, Theorem 9.15] and [36, Theorem 3].

Theorem 3.14 (Existence and uniqueness of strong solutions). Assume either that (2, A, f) € G, or that
(Q, A, f) € H. Then, for any € > 0, the problem (3.10) admits a unique solution u. € H?(Q) N H}(Q).

As in Section 2, uniform a priori estimates for the solution to (3.10) allow passage to the limit in equation
(3.10); see [13,14]. The coefficient matrix of the homogenized problem now depends on the slow variable x, and
is obtained by integrating against an invariant measure. Corrector results can then be shown as before.

Theorem 3.15 (Nonuniformly oscillating coefficients). Assume that € € (0,1] and that either (0, A, f) € G or
(Q, A, f) € H. Then, the following assertions hold:
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(i) Uniform a priori estimate: The solution u. € H*(Q) N HL(Q) to (3.10) satisfies
[uellm2) S I1flz2(0)-
(ii) Homogenization: The solution u. € H*(Q)NHL(Q) to (3.10) converges weakly in H?(Q) to the solution

up € H*(Q) N HE () of the homogenized problem

(3.13)

A’ D%ug=f inQ,
ug =0 on 09,

with A : @ — R™*"™ given by
A%(z) := / Az, ) m(zx,-),
Y

where m = m(x,y) is the unique function m : Q x R® — R with m € C(Q x R"), 0 <m <m < M for
some constants m, M > 0, such that

{D2 C(A(z,)m(z,)) =0 inY,
m(x,-) is Y -periodic, [, m(x,-) =1,

for any fixred x € Q. The function m is called the invariant measure.
(iii) Corrector estimate: Assume that f € H?(Q2) and ug € H*(Q) N W2%>(Q). Introducing the corrector
unction X, 1 < 1,7 <n, as the solution to
J

A(I7y) : Dg%XZ](xay) = a?j(:c) - aij(xvy)v (xay) € x Ya
Xij(x,-) is Y -periodic, [, xij(x,-) =0,

we have that

n
Us — U — g Z Xij ('7 g) 51-23'“0 < \/EHUOHWZ«»(Q) + 5||U0||H4(Q)~
W 12(2)

Let us explain how the numerical scheme from Section 3.1 can be used for the numerical homogenization of
(3.10).

First, we consider a shape-regular triangulation 7z on Q consisting of nodes {z;};c;r with grid size H > 0,
and a shape-regular triangulation 7, on Y with grid size h > 0. Then, for any i € I, we can use the scheme
from Section 3.1 (see Theorem 3.1) to obtain an approximation m{ € H'(Y) to m,, = m(z;,-) such that

[ma, —millL2 vy + hllme, —millmy Sheoinf lma, — (00 + )5 v)-
vpEMp

Further, we obtain that
A%i = / Ih (A(.’E“ ) m%)
Y
is an approximation to A%(z;) (see Lemma 3.3),

0,i
‘AO (z;) — A,

<h. (3.14)
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Now we define A% g to be a continuous piecewise linear function on the triangulation 7x such that
0 _ A0s
Ah,H(xi) =4,

for all ¢ € I. Then, using (3.14) and denoting the continuous piecewise linear interpolant of a function ¢ on the
triangulation Ty by Zg¢, we have

JA° — AD yllpee(a) < [|A° = ZuA®|| Loy + 1 ZaA° — A) gL (o)

(3.15)
SNIA® = T A%|| poe () +

We observe that, similarly to the proof of Lemma 3.4, we obtain that the solution ug’H € H2(Q) N H(Q) to

A9 D2 = f inQ,
{ hH o =1 (3.16)

ug’H =0 on 09,

satisfies, for h, H > 0 sufficiently small,

h,H
luo — w2y < 14° = A9 gl e Il 20,
and in view of (3.15),
luo = ug | 52y S (IA° = Zu A°|| o) + B) | |20y = O(H? + h),
where wg is the solution to the homogenized problem (3.13). Here we have used the interpolation estimate
A% — Ty A% oo o) S HPJIA® [[w2o0 ()

which follows from A° € W2°°(Q) and standard interpolation theory.

Remark 3.16. For problems in divergence-form, similar results have been derived previously using heteroge-
neous multiscale methods; see e.g. [1].

At this point, let us note that in contrast with our procedure of approximating the effective coefficient A°
at the nodes of the coarse triangulation 7z and interpolating linearly, in the framework of the finite element
heterogeneous multiscale method A is typically approximated at the coarse integration nodes; see e.g. [1,2]. The
use of piecewise linear interpolation allows us to obtain second-order convergence. Assuming more regularity
on the coefficient A(x,y) in gy, as in Remark 3.10, the error in the approximation of the homogenized solution
up can be improved to order O(H? + h?). Finally, the solution to (3.16) can be approximated by a standard
finite element method on the triangulation 7z, which yields an approximation ug 5 g € H?(2) N H(Q) to ug
in the H%(Q)-norm.

The approximation of u. can be obtained based on the corrector estimate from Theorem 3.15 analogously as
in Section 3.3.

4. NUMERICAL EXPERIMENTS

In this section, we illustrate the theoretical results through numerical experiments. We provide an example
for the case of periodic coefficients in Section 4.1, and one for the case of nonuniformly oscillating coeflicients
in Section 4.2. In both cases, we provide not only an example with an unknown wug, but also a set-up with a
known wug in order to test the approximation scheme for the homogenized solution.

The experiments demonstrate the performance of the scheme for the approximation of the invariant measure
m, the effective coefficients A°, the homogenized solution ug, as well as the approximation of the solution u. to
the original problem for a fixed value of €.
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4.1. Periodic Coeflicients

We consider the homogenization problem

A(g) :D*u.=f inQ,
ue =0 on 08,

on the domain
Q:=Y =(0,1)?,

with the matrix-valued map

sin(myy) cos(my1)

A:R? SR Ay, ) = (1 + arcsin (Sin2(7ry1)) sin(myy) cos(my1)

2 + cos?(my1)

19

and the right-hand side f : £ — R to be specified below. We observe that the matrix-valued function A satisfies

(2.1) with ¢ = co. Further, note that
Aly) = (aij(yl))lgi,jgz

depends only on the first coordinate of y = (y1,y2) € R?; see Figure 1.

0.5+

-0.5

Y1

F1GURE 1. The functions a;;(y1) plotted on the interval (0,1).

In this case we know that the homogenized problem is given by

A D%*ug=f inQ,
ug =0 on 09,
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where A® € R2%2 denotes the constant matrix

with m being the invariant measure

1 —1
dt 1
m:R2 SR, m(y, = / ) ;
(41, 32) ( o an(t) a11(y1)

see [23]. Explicit computation yields that

~ 1.4684,

1
/ a22() 41 ~ 2.6037.
o a11(t)

We also note that for the corrector functions x;; (1 <1,j < 2), i.e., the solutions to

Az Dy = ajy —ay; Y,
Xij is Y-periodic, fy Xij = 0,

we have that

CLQv — Qjj
) ”7J(y1> ifk=1=1,
aleij(yhyZ) = a11(y1)
0 otherwise.

Figure 2 shows the error in the approximation of m and A° by the scheme presented in Section 3.1.
For the approximation of the invariant measure we observe convergence of order

lm — ma| L2y = O(h?), (4.3)

and superconvergence of order O(h?) for h > 0 when grid points fall on the line {y; = %}, which is the set along
which dym possesses a jump. The observed rate of convergence (4.3) is consistent with Theorem 3.1. Indeed,
we have m € H%’é(Y) for any € > 0, and Theorem 3.1 yields

[m —mullL2yy + hllm = mallg vy Sh 12]{2 [m — (0n + Dl a2 (v
Vh h

Sh

‘m—Ihm— / (m—Ihm)H
Y

S b2 lm|

HY(Y)
H3 %(v)y

by making the choice v, = Zpm — fY Irm, and using an interpolation error bound. In connection with the
superconvergence we note that m|(0,%)x(071) € H%((0,1) x (0,1)) and m|(%71)x(071) € H*((1,1) x (0,1)). For
the approximation of the matrix A°, we observe second-order convergence.
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101 102
< memy 2y, - max; |aﬁ-ailj"r|
102 o 10°%
103 104
-
10 107
107 10°®
slope
106 10°7 1.9942
1073 102 10t 103 102 10t
h h

FIGURE 2. Approximation error for the invariant measure m (left) and the matrix A% (right).
Two curves are observed, corresponding to whether or not grid points fall on the line {y; = %}7
i.e., the set along which 0ym exhibits a jump.

4.1.1. Problem with a Known ug

We consider the right-hand side given by
frQ=R, frr,22) = agprr(z1 — 1) + afy 2 (w2 — 1).

Then it is straightforward to check that the exact solution ug € H2(2) N HE () to the homogenized problem
(4.2) is given by

1
Uup : Q— ]R, UO(I'l,IQ) = 53’]1(%1 — I)IQ(ZL’Q — ].)

Note that we are in the situation (2, A, f) € H?, that f = 0 at the corners of ) and that uy € H*((Q).

We use the scheme presented in Section 3.1 to approximate the homogenized solution wug, where we use the
same mesh for approximating m and wug. The Hsiech—Clough—Tocher (HCT) element in FreeFem++ is used in
the formulation (3.6) for the H? approximation of ug; see [28]. The gradient on the boundary is set to be the
gradient of an H' approximation by Py elements on a fine mesh.

Concerning the approximation of u., from Sections 2 and 3.3 we obtain that

2
2 2
Ea = ||UE - UOH%P(Q) + Z 8]%[11,5 - ailUO + Z (82[)@]') (g) afqu = O(e’:‘)

k,l=1 i,j=1 L2(Q)

For the numerical approximation, we replace u. by an H?-conforming finite element approximation on a fine
mesh, based on the formulation

. trA (7) . trA(i)
Find u. € V' : /7814 -): D%u. A :/ ——=2 fA YoeV,
ind u A |A(g)|2 (5) Uue Av ; |A(g)|2f v v

where V := H?(Q) N H} (). To this end, we use again the HCT element and set the gradient on the boundary
to be the gradient of an H' approximation by Py elements on a fine mesh.
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102 102
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103_
103,

slope
104} ;'%POEZQ ] 0.99064
104

102 101 102 101 107
h €

FIGURE 3. Approximation error for uy (left) and the error E. in the approximation of u. for
different values of ¢ (right).

Figure 3 shows the error in the approximation of uy and we observe second-order convergence. Further, with
the exact ug being available, we can compute the error E. for different values of ¢; see Figure 3. We observe
first-order convergence as ¢ tends to zero, as expected.

4.1.2. Problem with an Unknown ug

Next, let us consider the problem (4.1) with the same domain € and matrix-valued function A as before, but
with the right-hand side given by

Q=R f(x1,22) :=exp <—1 i )2>

3 (1 -3) — (w23

Note that now we are in the situation (Q, A, f) € H2. Further, since the right-hand side f € H?(2) of the
homogenized problem (4.2) satisfies f = 0 at the corners of Q, the solution ug to (4.2) belongs to the class
H*(2); see [30, Prop. 2.6].

As before, we use the scheme presented in Section 3.1 to approximate m, A° and ug. Using the second-order
H?(2)-conforming approximation ug 5, to ug obtained as previously described,

luo = wo,nll 2 () = O(h?),

we have that

2

2 2
El = [|ue — uO,hH%Il(Q) + Z Aue — | o + Z (@%lXij) (*) 81'23'“0,}1 = O +h%).
- — €
k,l=1 1,j= L2(Q)
Figure 4 shows the error Ef}; of the approximation of u. for different grid sizes and ¢ = 15 fixed. We observe

fourth-order convergence in h for the error as expected.
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55+ (left) and the
error after subtraction of 6.0657 - 107 (right), which is approximately the limit of EZ,; in the
figure on the left for this fixed value of € as h tends to zero.

FIGURE 4. The error El; in the approximation of u, for a fixed value, ¢ =

4.2. Nonuniformly Oscillating Coefficients

We consider the homogenization problem
A(.,;) D%, = f inQ,
) us =0 on 01,
on the domain
Q=Y =(0,1)?
with the matrix-valued map A : Q x R? — R2*2

B e”1®2 4 1|z|? arcsin (sin2 (7y1)) 0
(z,y) = (21, 22), (y1,92)) = ( 0 2 + x5 cos(2my2 + x1)

and the right-hand side f : £ — R to be specified below. We observe that the matrix-valued function A satisfies
(3.11) with ¢ = co. Further, note that it is of the form

A(mv y) = dlag (all(xa y1)7 (LQQ(.’I}, 92)) .
In this case we know that the homogenized problem is given by

A% D%*ug=f inQ,
ug =0 on 09,

where AY : Q — R2*2 is given by

A(z) = /Y A,y m(z, ),
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with m being the invariant measure

-1
m:QxR? R, m(x, <// ds df ) L ;
aii(z, s) aza(x,t) ar1(z,y1) aze(z,y2)

see [23]. Therefore, we have

Loae N\
ag;(x) = bi; (A W) ;o 1<4,5<2
i\ Ly

We also note that for the corrector functions x;; (1 <1i,j < 2), i.e., the solutions to

A( ) DQXU(CC y) (33) - aij(xvy)’ (x,y) € Q x Y,
Xij(,-) is Y-periodic, fY Xij(@, ) =0,

we have that

a(ﬂ(fﬂ) — a1 (w,y1)

fiz=j=k=1=1,

) 0 ail (xa Y1 )
O Xig (@ y) = § 922(®) —@(@92) 0y oo
a22 (37 s yz)
0 otherwise.

4.2.1. Problem with a Known ug

We consider the right-hand side given by
f:Q=R, x=(x1,12) = f(z):=ad%(x) (1 — 1) +al, () xo(2s — 1).

Then it is straightforward to check that the exact solution ug € H2(2) N HE () to the homogenized problem
(4.5) is given by

1
ug 1 = R, ug(w1,22) = 5501(351 —Dza(z2 — 1).

Note that the assumptions of Theorem 3.15 (i) are satisfied.

For H > 0 such that % € N, we take a triangulation 7z on  consisting of nodes {(sH, rH)} s r—0,..1/H>
and a triangulation 7, on Y with grid size h = %. We use the scheme presented in Section 3.4 to approximate
AY and ug, and we observe second-order convergence; see Figure 5.

For the approximation of u., Theorem 3.15 yields

2

2
E. = ||lu. — u0||§{1(9) + Z Ofue — | OFuo + Z &2 Xij) (.’ g> d75ug = O(e).

k,l=1 i,j=1 L2(Q)

For the numerical approximation, we replace u. by an H?-conforming finite element method on a fine mesh,
based on the formulation

) trA (-, 2) : trA (-, )
Find u. € V: /7514 o —):D%*u. A :/7A Yo eV,
ind u ; |A(‘,§)|2 ( 5) us Av A |A( )|2f v v
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where V := H?(Q) N H} (). To this end, we use again the HCT element and set the gradient on the boundary
to be the gradient of an H'-conforming approximation by P, elements on a fine mesh.

oo 107
—k—max, o gy [A%-A] DIHSH)|
—5—Ilug g ullze)
102+
107
103+
105t
104+
6|
5 slope 10
10} 5
slope
1.9858
10 : 107 .
1072 10! 10° 102 10 10°

H €

FIGURE 5. Approximation error for A% and ug for different values of H, using h = %, (left)
and the error E. in the approximation of u. for different values of ¢ (right).

4.2.2. Problem with an Unknown ug

Finally, let us consider the problem (4.4) with the same domain 2 and matrix-valued function A as before,
but with the right-hand side given by

f:Q—=R, f(xlal'Z) ::eXp<—1 1 ]2- 1)2>'

Note that we are in the situation (Q, A, f) € H. Using the second-order H?2-conforming approximation ug g to
ug obtained as previously described (again with h = %),

lluo — u07HHH2(Q) = (’)(H2),

we have that

2

2 2
B = llue — ol + 35 0fe = | Qo + D2 @oxis) (- 2) Owot || =0+ 1),
k=1 t,j=1 L2(Q)

Figure 6 shows the error Ell, of the approximation of u. for different grid sizes and € = 5—10 fixed. We observe
fourth-order convergence in H for the error as expected.



26 TITLE WILL BE SET BY THE PUBLISHER
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H H

FIGURE 6. The error E), in the approximation of u. for a fixed value, € = %, (left) and the
error after subtraction of 2.2653 - 10~ (right), which is approximately the limit of EZf, in the

figure on the left for this fixed value of € as H tends to zero.

5. COLLECTION OF PROOFS

In this section, we provide the proofs to the results presented in this paper. This section is divided into a
part containing the proofs of the homogenization results from Section 2 as well as the proof of Theorem 3.15,
and a second part containing the proofs of numerical results from Section 3, except for the technical Lemmata
3.6 and 3.7, which can be found in the last part of this section.

5.1. Proofs of the Homogenization Results

Proof of Theorem 2.5. Let us first assume that (€2, A, f) € G%P for some p € (1,00). We showed in the previous
section that we can transform problem (2.2) into the divergence-form problem (2.6), where A4V : R* — R"X"
is a Y-periodic, Holder continuous, and uniformly elliptic matrix-valued function satisfying

div(AMY) = 0.
Therefore, we can apply [11, Theorem D] to problem (2.6) to obtain

luclwasey S [£m (2)] S Iflliso

g HLP(Q)

with constants independent of e, where we have used the property (2.4) of the invariant measure in the second
inequality.

Let us now assume that (€2, 4, ) € H°. Noting that (2.3) implies the Cordes condition for A () with the
same constant § € (0, 1] for any € > 0, the proof of [36, Theorem 3] yields the estimate

C(n,diam(Q))

< - 7 5.1
el < =72 [0 (2)] ey M2 G.)

where v is the function given by

trA(y)

v:R" =R, A(y):= W



TITLE WILL BE SET BY THE PUBLISHER 27
We observe that by (2.1), there exist constants 4,T" > 0 such that
0<y<(y) <T  VyeR™
Therefore, we obtain from (5.1) the bound

luellzz) S 12

with a constant that is independent of €. ]

Proof of Theorem 2.6. By Theorem 2.5, the reflexivity of W?2?(Q) for p € (1,00), the compactness of the
embedding W2?(Q) < WP(Q), and the properties of the trace operator, there exists a ug € W2?(Q)NW, 7 (Q)
such that (for a subsequence, not indicated,)

us — ug weakly in W2’p(Q), and

u. — ug  strongly in WHP(Q).
We can transform (2.2) as in Section 2.2 into the divergence-form problem (2.6) with
A% = Am + B

being Y-periodic, Holder continuous and uniformly elliptic on R™. Recalling that B is of mean zero over Y, we
have

Aty (7) A / Am = A weakly-* in L>(9).
€ Y
Since we have that
Vu. — Vug  strongly in LP(Q),

we can pass to the limit in the weak formulation of (2.6) to obtain that ug € W2P(Q) N W, P (2) solves (2.7).
We conclude the proof by noting that (2.7) admits a unique strong solution in W?22(Q) N Wy*(Q). O

Proof of Theorem 2.7. First, we note that since A € C%*(R"), we have x;; € C**(R") for any 1 <4,j <n by
elliptic regularity theory. A direct computation shows that the function

n
im0 +2 Y i (2) o

7,j=1

solves the problem
A (7) . D%, = f + ¢F. in Q,
€

ﬁe = 52 Z Xij (g) (r“)fju() on aQ,

=1
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where
n . . .
Foo= Y ay <g) (2 Dixri (g) o + € Xk (g) 3%161“0) .
6.4,k =1
Note that since ug € W4P(2), one has that
[ Felle@) S luollwar (o),

with the constant being independent of €. We then have that d. := @. — u. satisfies
A (7) . D2d. = eF. in Q,
€

d. = ¢? i Xij (g) 8i2ju0 on 0f).

i,j=1
Therefore, by the definition of the boundary corrector,
A (g) : D? (ds + 526‘6) =eF. in Q,
d. +e%.=0 on 0f).
We conclude using the estimate from Theorem 2.5 that
lde + %0 lw2r () S ellFellr @) S elluollwan (),

and (2.9) holds.

Proof of Theorem 2.8. Let n € C°(R™) be a cut-off function with 0 <7 <1,

. . €
n=1 in {J;EQ.dlst(ac,aQ)<§},
n=0 in {z € Q:dist(z,00) > e},

and let 7 satisfy
2 L.
V| +¢e|lD*n| < = in Q.
€

We introduce the function
~ n .
0. =0, + ﬂigz:l Xij (g) 31-2-u0,
and verify that
n

A (g) : D%, = Z Qij (g) 3%— (77 Xkl (g) aﬁlu()) = 6%51 + %Sz + 83,

i,5,k, =1
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where S7, 59 and S3 are given by

n

Sy = Z Qi (g) 107Xk (g) Drruo,s

i,5.k,1=1
S2:=2 D, ay (7) (am D (7) Okuo + 1 Do (*) 3§’sz0> :
i,4,k,1=1 € € €
Sy = ij;:1am (5) (82]77sz (5) Oruo + 2 0i1 Xk (6) O5kiuo + 1 Xk (5) (%kzuo) )
Therefore, 9~5 satisfies
. 25 1 1 )
A<7) :D%0. = 551+ =5+ 53 inQ,
1) & £
0. =0 on 0f2.

Since ug € W4P(2) N W2°°(Q) by assumption, the right-hand side belongs to LP(2), and we have by Theorem
2.5 that

~ 1 1
Al < S 1181 le @) + =112l o) + 1S5l o0y
18-y = 215100 + 212l ot + 1S5l 0ce)

We look at the terms on the right-hand side separately and start with S;. Using the boundedness of A and the
fact that x;; € W2>°(R"), we have

n

1Sillzr) = || D ai (g) 103 Xki (E) o
05,k =1 Lr()
S luollwz @) 7l e @)

< [z € Q- dist(z,00) < }[7 [luollwz~ (o)

S e? [lug|lwzo ()
For S;, we obtain similarly that
[192([ () = |2 Z @ij (g) (3m dj Xk (g) o + 1 dixw (g) 3]3sz0>

ijkl=1 Lr(Q)

A

V0l e luollw2.0 ) + 17l Lo (@) luo lwar )

A

1 . 1
- Hz € Q:dist(z,09) < e}|7 |luollw2 ) + l|uollwar()

A

1
— lwollwze ) + lluollwar(o)-
e T
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Finally, for S3, we have that

n

193] o () = Z Qij (g) (afjﬁ Xkl (g) 3131U0 +20i1 Xkt (g) 333sz0 + 1 Xk (g) 3?3‘161“0)
i,4,k,0=1 L)
S ||D277||LP(Q)||u0||W2v°°(Q) =+ (||V77||Loo(9) + H77||L°°(Q)) l|luo [l war )

1 . 1 1
,S ? |{1‘ cQ: dlSt(l’,aQ) < €}|P HUOHW2,00(Q) + g||u0||W4,p(Q)

1
S 21 [[wollwz.e (@) + g||“0||w4m(9)-

Altogether, we have shown that

1

i < er 1 1 1 1
ol ey = (7 g + g ) ol (2 ) ol

[N

1 1
S = uollwze (o) + g||uo||w4vp(sz)~
£ P

By direct computation, using the bounds

1 1 1
Inllzr@y Sevs IVl S 5= 1D*nlle@) S 51
g P £ P

we can show that

- : 1 1
n Z Xij (g) 3i2juo S 2-1 lluollwz.o (o) + g||uo||w4fp(9)~

1,j=1 W2.p(Q)

Therefore, using the triangle inequality, we obtain that

1 1
10 lw2r(2) S 5 luollwz= () + Zlluollwr o).
IS €
We conclude that

1
120 llw2r () S €7 [[uollwa.o @) + elluollwr(6)-

The claim now follows from (2.9).

5.2. Proofs of the Numerical Results

Proof of Theorem 3.1. We observe that m = m + 1, where m is the unique solution to the problem

-V - (AVm 4+ mdivd) =V - (divA) inY,
m is Y-periodic, [, m =0,

that is,

m € Woer(Y), a(m, ) = —/ (divA) - Vo Vo € Wher(Y),
Yy



TITLE WILL BE SET BY THE PUBLISHER 31

where

a: Wper(Y) X Wper(Y) — R, a(u,v) := / AVu - Vo Jr/ u(divA) - Vo.
Y Y

We further observe that (3.1) is equivalent to
my € Mh, a(mh,gah) = —/ (leA) -Von Y € Mh. (52)
Y

We start by showing boundedness of a and a Garding-type inequality. We claim that there exist constants
Cy, Cy > 0 such that

a(w,0)) < Collalmn lolme) Yo € W), (53
and
A
au,u) > 5”““%{1(3/) = Cyllularyy  Yu€ Woal(Y). (5.4)

Let us first show (5.3). For u,v € Wyer(Y), by Hoélder’s inequality and Sobolev embeddings (note that,
according to (2.1), ¢ > n), we have that

/Y u(divA) - Vo

S NdivAll oo [l 2, VOl S el o [0l -
Using the fact that A € W14(Y) < L>°(Y') since ¢ > n, we obtain the bound

/ AVu - Vo
Y

for any u,v € Wy (Y), 1.e., (5.3) holds.
Let us now show the estimate (5.4). For u € Wy (Y'), by ellipticity and Hélder’s inequality, we have

|a(u, v)| < S lullar oy lloll gy

+ ‘/ u(divA) - Vo
1%

a(u,u) = / AVu - Vu +/ u(divA) - Vu
Y v

> XVl = IdivAl Lo lul 2, [Vullogr)

For the second term we use the Gagliardo—Nirenberg inequality and Young’s inequality to obtain

. . 1-2 142
ldivAlLzocr lull 2 [ Vullzae) < Clasn)IdivAl ol | Vel

(Y)|
A .
< §||VU||2L2(Y) + Cg,n, A, [|divA| o))l 22 vy-
Therefore, we have

A .
a(u,u) > §||VU||%2(Y) = C(g,n, A [|div A oy [l 72y

A A .
= Sl = (5 + A Tl ) ol
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for any u € Wpe(Y), i.e., (5.4) holds with
A .
Cg = 5 + C(Q,’I’L, )‘7 ||d1VA||Lq(Y))'

We use Schatz’s method to derive an a priori estimate; see [35].
From our Garding-type inequality (5.4) we see that (note that m — my € Wpe(Y))

20 2C, I —mal32y,

- - 9 |~ ~ o 7
m—mplgiyy — —lm —mpl2evy < M —mnllmy) — V==

|| sy = 2 Iz < | e = S Ty
_ 2a(m — 1w, 11 — 1ip)

T Al = i)

By Galerkin-orthogonality and boundedness, we have for any v, € M, that

a(ﬁlfﬁlh,ﬁlfﬁlh) - a(ﬁz—ﬁlh,ﬁzfﬂh)

= < Cyllm — v
[ P e e R A

and taking the infimum over all v, € Mh, we find that

a(m — ﬁlh, m — ’I’hh)

<y inf Hﬁl—f}hHHl(y).

[l = | 1 (v ENST
Combining this estimate with (5.5) yields

- - 2C, . . . 2C, . -
= il vy = 2l = in 2y < =ik i = Tl -

vp €My,

Next, we use an Aubin—Nitsche-type duality argument.
Let ¢ € Wper(Y') be the unique solution to

—V - (AV®) + (divA) - V¢ = 2=Dn ip Y,
¢ is Y-periodic, [, ¢ = 0.

We note that the solvability condition (2.5) is satisfied:

/S/%m:/y(m—mw:o.

(5.5)

(5.6)

We have, using the bounds on the invariant measure (2.4), the weak formulation of (5.7) and the symmetry of

A, that
Tl = ey < [ P )
M hllL2(y) = v h
:/ AV¢~V(m—mh)+/(divA)~V¢(m—mh)
Y Y

— [ AV ) - Vo+ [ (n— m)(iva) - Vo,
Y

Y
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Next, we use Galerkin orthogonality, the boundedness (5.3) and an interpolation inequality to obtain
1 . - 12 5 5
MHm =12y < ali — mn, @)
= a(m — Mmn, ¢ — Ino)
Sl =l g vy |6 — Zndll vy

S bl =l o) |9l 2 vy

where Z;,¢ denotes the continuous piecewise linear interpolant (for n < 3 and quasi-interpolant for n > 4) of ¢
on the triangulation. Finally, by a regularity estimate for ¢ and the bounds on the invariant measure (2.4), we
arrive at the bound

m —mp . ~
I6ller < H < i = il oy

me ey

which provides us with the estimate
[ =l r2vy < Cohllm — mal| (v
for some Cy > 0. Combining this with (5.6) we have

( L 2C,Co 2C
A

7 — |l g vy — T-"Hm — |l L2(v)

20,

IN

h) |7 — Wl g1 vy

IN

inﬁ ||Th - ’DhHHl(Y).
Op€Mp,

Therefore, for h sufficiently small, we arrive at the bounds

M —mnllgr vy S oLl — Onllg vy,
VpEMp

and

||ﬁ7, — ﬁthLQ(y) § CohHﬁl - ﬁthHl(y) ,S h inﬁ ||ﬁ7, — @h”Hl(Y)-
Uh EMp

We have thus established the a priori estimate

[ — mnllz2(vy + bl —mnllgryy Shoinf [ — Onll g1 vy,
Op €My,

which immediately implies existence and uniqueness of solutions to (5.2).
Finally, using that m = m + 1 and m;, = my + 1, we conclude that

lm —mn |2y + hllm = mn| gy Sh inf [m = (On + Dl (v)-
Uh h
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Proof of Lemma 3.5. Fix 1 <i,j < n. Using the definition of A° = (a?,), i.e.,

ij
0 _ -
ai]‘—/ Ai5Mm,
Y

we obtain the estimate
|a?j - a?j,h\ <llaij(m —mp)||lLr vy + llaiymn — Zn(aiyma) || vy
For the first term, we have
lai;(m —mn)l[Lr vy S llm = mnlleryy S lm—mallz2er)-
For the second term, let us first note that using a;; € W4(Y) with ¢ > n and Sobolev embeddings, we have

laigmnlmyy < HvainL‘I(Y)”thL%(Y) + Nlaijl Lo vy IVmall 2 vy

S Haz‘jHWLq(Y)HthHl(Y)-

Therefore, using a standard interpolation error bound, we obtain

laijmn — Zn(aigmn)lzryy S llaiymn — Zn(aigma)| L2 y)
S hlaigmalm vy
< hllajllwrayllmnll g vy
By Theorem 3.1, for h > 0 sufficiently small, we have that
lay; — ad; | S lm — mallL2cvy + hllmall g
S lm = mallL2vy + hllm — maullgi vy + blml gy

Shoinf  lm — (On + 1)|lar vy + bl gy

Vp EMp,
S hllm =1 g vy + bllm| g vy
<h.

Finally, we note that this implies that for & > 0 sufficiently small, A9 is elliptic. (]

Proof of Lemma 3.4. We let wy, := ug — uff € H?(2) N H}(2) and note that wy, is the unique solution to the
boundary-value problem

A% D%wy, = (A) — A%) - D?u} in Q,
wp =0 on 0f).
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We recall that A° € R"*" is an elliptic constant matrix. For o > 0 sufficiently small, by an H? a priori estimate,
the Cauchy—Schwarz inequality and Lemma 3.3,

lwnllr2) S (A = A%) : D?ufl|l 120

A

A

= — B
o) \
SIS

n n
/2 Ia?j,h - a?j|2 Z 61’23’“8'2

4,j=1 i,5=1

Finally, we show that for h > 0 sufficiently small, we have
lugllmz) S I1flr2e) (5.8)
with the constant being independent of h. This can be seen by rewriting (3.2) as

A% D2l = f+(A° — AD): D2l in Q
(5.9)
u

h=0 on 0S).
Then, again by an H? a priori estimate and Lemma 3.3,
lug 2y S I1F + (A% = A7) - D*ug |l r2(0) S Iflle2(0) + hllug || a2

with constants independent of h, i.e., for h > 0 sufficiently small, (5.8) holds with the constant being independent
of h. O

Proof of Theorem 3.11. We use (3.9) and the triangle inequality to obtain

lue — uonll a1 (0) < |lue — uollmr () + [Juo — wo,nllm1 (@)

S Ve lluollwze< () + elluoll za) + 2l fll a1 @)

and for 1 < k,l < n,

(| 0fyue — ul;,thLl(Q) S Ve lluollwze ) + €lluoll ey + bl fll a1 o)

+ 3 [ @ais) (2) 020 — 2t (2) 0o
2

)=

L@
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It remains to study the last term on the right-hand side of the above inequality. For fixed 1 < 4,5 < n, we use
again the triangle inequality to obtain

o 2t~ 2 o

2, (g) (0210 — 07ju0,n) H

W[
“igih (5)’ L2(Q)

< (4 G

In the last step, we used that by the transformation formula and periodicity (cover /e by O(¢~™) many cells
of unit length), there holds

|@fss ==30) ()

€

L)
s (2) 2

kl :
lluo — wo,nllm2(0) + H (Okxis = 235n) <E)‘

<|

LY($) LY()

<]

L2(9) ||UO||W2’°°(Q)

L2(Q) Il a oy + ||u0||W2m(Q)) _

12(9) S Halzlxij - szjl,hHLz(y) 5 h. (5'10)

We claim that

<h+1.
L2(Q)

Ko
|+t (2)]

Indeed, we use the triangle inequality, (5.10) and the fact that x;; € W2°°(Y) to obtain

Ko Ky (C
J#tin ()]0 = 00 =250 ()]

L2(Q) €

L2(9) + HalleinLoo(Y) Sh+l

Proof of Theorem 3.15. (i) For (Q, A, f) € H, one shows similarly to the proof of [36, Theorem 3] and Theorem
2.5 that

A ()

ACO)] 1fllz20) S 1 lle2)-

L>=(Q)

||Ue||H2(Q) ~

For (2, A, f) € G, the claim follows from the method of freezing coefficients, using the uniform estimate from
Theorem 2.5 for the operators Ly, := A (mo, g) : D? for fixed zy € Q.

(1) The uniform estimate from () yields weak convergence in H2(f2) and strong convergence in H(Q) for a
subsequence of (uc):>0 to some limit function ug € H?() N Hy (). We multiply (3.10) by m (-, £) and follow
the transformation performed in [13] to find that the equality

1ﬁf:2v-GFV%+{&%AT%)—QPWﬂqémeWDiuﬂZ%—D%(A%J

holds weakly, where A :== Am and v denotes v (-, g) Passing to the limit, we obtain that ug is a weak solution
of (3.13). We conclude the proof by noting that (3.13) admits a unique strong solution, since A is uniformly
elliptic and Lipschitz continuous on €2; see [26,27].
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(#4¢) This can be proved similarly to Theorem 2.7 and Theorem 2.8, using that, by the assumptions made on
A and elliptic regularity, we have

Xits [0 xm] ™5 [0y xm]” [6§iijkl]€7 [ai:chklr € L>=(Q)

for any 1 <4,4,k,1 < n. O

5.3. Proofs of Technical Lemmata

Proof of Lemma 3.6. We start with the case (i). To this end, let (2, 4, f) € G1'2 with 92 € C3. Then, by
elliptic regularity theory, we have uff € H?(f2). Using elliptic regularity for problem (5.9) yields

lugllrz) SN+ (A° = AD) : D*ugll gy S N lre) + hllugllae o)

with constants independent of h, i.e., for h > 0 sufficiently small, (3.3) holds with the constant being independent
of h.

Let us now show the claim for the case (ii). To this end, let (2, 4, f) € H! with Q C R? being a polygon
and f € HE(Q). Since

Ap =A%+ (49 — A") = A" + B,

is symmetric and elliptic for A > 0 sufficiently small, there exists an orthogonal matrix Q; € R2*? with
QnQT = QT Q, = I, such that

Qn (A° + Bn) Q;, = diag(A), Ay) =: An,

where /\f > 0 are given by

-

20F = tr (A% + By) + ((br (A% + By))” — ddet (4° + By) )™
We note that, by Lemma 3.3, the entries of By, = (b?j)lgi,j§2 satisfy b?j < h, and therefore, for h > 0 sufficiently

small, we have 0 < AF + (A\iF)~! < 1.
The problem (3.2) in the new coordinates reads

{AUh:Fh in Py, (5 11)

U,=0 ondP,,

where Uj, = ul (QEA% -), Fy,=f (QEA% -), and Py, := A;%QhQ. Note that Py is still a bounded convex
polygonal domain and that F}, € H}(P;,). By the change of variables formula and the orthogonality of Qp,,

ey = [ (157+1977) =aeen} [ (|7 (@bai-)[ + o7 (@fni-)[)
etA%L/ (Fh|2+‘QEA;3VFh‘2)

Py
detA}%/ (Fh|2+‘A;5VFh]2>

Py

2 2 2
2, (1EW + IV EW?) = 1Bl o) -
h

Il
o
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Using Lemma 3.7, we have that, for h > 0 sufficiently small, the solution to (5.11) satisfies
1Unll2 ) S N0l o,y S 1110
with constants independent of h. It remains to show the bound
lug | 3@y S Ul s (pn)- (5.12)

By the change of variables formula and the orthogonality of @}, we obtain similarly as before,

2
il = [ (1l + 19" + D2 )+ [ D0t
i=1

1 _1 2 _1 _1 2
=det A} <|Uh|2 + ‘Q};Ah 2VUh‘ + ‘Q};Ah > DU A, 2Qh’ )
Py
2

2
+ ZdetAZ / Z Qh —~=hjgi A 2 D28jU;L A;EQ}L
i=1

Pl j= 1\/ (An) JJ "
)+ZdetA2/
it J Py,

:detAf/P <|Uh|2+‘A;5VUh’ ’A DU, A
h Z’L

A7 D29,U, A2

2
2 2
5/ (‘Uh|2 + VUL + | DUy ) +Z/ |D20,Un|” = 1Unl}s(p, )
Ph i=17Pn

i.e., we have established the bound (5.12). We conclude that, for h > 0 sufficiently small, we have (3.3), i.e

g |3 ) S N f o),

where the constant is independent of h. O

Proof of Lemma 3.7. First, note that since  C R? is a convex polygonal domain, we have v € H?(Q) N Hg ()
with [[ul| g2() S IflL2(0); see [27]. Since f € Hy(Q), there exists a sequence of smooth functions with compact
support (fm)m C C°(Q) such that f,, — f in HY(Q). Let (um)m C HE () be the sequence of solutions
in H}(Q) to Auy, = fm in Q, and note that (), C C*(Q) since the functions f,, satisfy compatibility
conditions of any order; see [27, Sec. 5.1]. Again we use the HZ2-regularity result for solutions of Poisson’s
problem on convex polygons to obtain

[wm = ullz2) S [1fm — fllzz@) — 0,

ie., Uy — uin H2(Q).
Next, we shall use the fact that

vlms) = IV(AV) |12 Vv € {we Hj(Q): Aw € Hj(Q)} N C>(Q); (5.13)
see [33]. We apply (5.13) to the difference of two elements of the sequence (), to find that ()., is a Cauchy

sequence in H3(Q), using that f,, — f in H*(Q). Thus, u,, — u in H3()) and passing to the limit in (5.13)
applied to the functions u,, yields

[ul ) = IV fllz2(0)

Since [|ul|g2(0) < || fllz2(q), we conclude the bound (3.4). O
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6. CONCLUSION

In this paper we introduced a scheme for the numerical approximation of elliptic problems in nondivergence-
form with rapidly oscillating coefficients on C%7 and polygonal domains, which is based on a W?2?P corrector
estimate for such problems derived in the first part of this work.

We proved an optimal-order error bound for a finite element approximation of the corresponding invariant
measure using continuous Y-periodic piecewise linear basis functions on a shape-regular triangulation of the
unit cell Y under weak regularity assumptions on the coefficients. The coefficients are integrated against the so
obtained approximation of the invariant measure after piecewise linear interpolation on the mesh to obtain an
approximation of the constant coefficient-matrix of the homogenized problem. Using an H? comparison result
for the solution of this perturbed problem, we eventually obtained an approximation of the solution ug to the
homogenized problem in the H2-norm. In the case of a polygonal domain in two space dimensions, we made
use of compatibility conditions for the source term to ensure sufficiently high Sobolev-regularity of ug.

We obtained an approximation to the solution u. of the original problem, i.e., the problem with oscillating
coefficients, by making use of the H? approximation of ug, finite element approximations to second-order
derivatives of the corrector functions, as well as an H? corrector result. A method of successively approximating
higher derivatives for the approximation of corrector functions was provided and analyzed. The corrector
functions are necessary in order to obtain an approximation of D?u. whereas the task of approximating u. in
the H'-norm can be achieved using only an H! approximation of u.

Furthermore, we generalized our results to the case of nonuniformly oscillating coefficients, i.e., we derived
an analogous corrector result and studied the approximation of the solution ug to the homogenized problem
and the solution u. of the e-dependent problem in this case.

In the final part of the paper, we presented numerical experiments matching the theoretical results for
problems with both known and unknown wg, as well as problems with nonuniformly oscillating coefficients. We
illustrated the performance of the scheme for the approximation of the invariant measure, the solution ug to
the homogenized problem and the solution u. to the problem involving oscillating coefficients for a fixed value
of e.

Future work will focus on weakening of the regularity assumptions on the coefficients and the approximation of
fully nonlinear nondivergence-form problems with oscillating coefficients such as the Hamilton—Jacobi-Bellman
equation.

ACKNOWLEDGEMENTS

This work was supported by the UK Engineering and Physical Sciences Research Council [EP/L015811/1].
The authors thank the anonymous referees for their helpful comments and constructive suggestions.

REFERENCES

[1] A. Abdulle. On a priori error analysis of fully discrete heterogeneous multiscale FEM. Multiscale Model. Simul., 4(2):447-459,
2005.

[2] A. Abdulle. The finite element heterogeneous multiscale method: a computational strategy for multiscale PDEs. In Multiple
scales problems in biomathematics, mechanics, physics and numerics, volume 31 of GAKUTO Internat. Ser. Math. Sci. Appl.,
pages 133-181. Gakkotosho, Tokyo, 2009.

[3] A. Abdulle, W. E, B. Engquist, and E. Vanden-Eijnden. The heterogeneous multiscale method. Acta Numer., 21:1-87, 2012.

[4] A. Abdulle and M. E. Huber. Finite element heterogeneous multiscale method for nonlinear monotone parabolic homogenization
problems. ESAIM Math. Model. Numer. Anal., 50(6):1659-1697, 2016.

[5] A. Abdulle and T. Pouchon. A priori error analysis of the finite element heterogeneous multiscale method for the wave equation
over long time. SIAM J. Numer. Anal., 54(3):1507-1534, 2016.

[6] G. Allaire. Shape optimization by the homogenization method, volume 146 of Applied Mathematical Sciences. Springer-Verlag,
New York, 2002.

[7] G. Allaire and R. Orive. Homogenization of periodic non self-adjoint problems with large drift and potential. ESAIM Control
Optim. Calc. Var., 13(4):735-749, 2007.



40
(8]
(9]

[10]

TITLE WILL BE SET BY THE PUBLISHER

G. Allaire and A.-L. Raphael. Homogenization of a convection-diffusion model with reaction in a porous medium. C. R. Math.
Acad. Sci. Paris, 344(8):523-528, 2007.

D. Arjmand and G. Kreiss. An equation-free approach for second order multiscale hyperbolic problems in non-divergence form.
Commaun. Math. Sci., 16(8):2317-2343, 2018.

M. Avellaneda and F.-H. Lin. Compactness methods in the theory of homogenization. II. Equations in nondivergence form.
Comm. Pure Appl. Math., 42(2):139-172, 1989.

M. Avellaneda and F.-H. Lin. LP bounds on singular integrals in homogenization. Comm. Pure Appl. Math., 44(8-9):897-910,
1991.

I. Babuska. Computation of derivatives in the finite element method. Comment. Math. Univ. Carolinae, 11:545-558, 1970.
A. Bensoussan, L. Boccardo, and F. Murat. Homogenization of elliptic equations with principal part not in divergence form
and Hamiltonian with quadratic growth. Comm. Pure Appl. Math., 39(6):769-805, 1986.

A. Bensoussan, J.-L. Lions, and G. Papanicolaou. Asymptotic analysis for periodic structures. AMS Chelsea Publishing,
Providence, RI, 2011. Corrected reprint of the 1978 original.

V. L. Bogachev, N. V. Krylov, and M. Rockner. On regularity of transition probabilities and invariant measures of singular
diffusions under minimal conditions. Comm. Partial Differential Equations, 26(11-12):2037-2080, 2001.

V. I. Bogachev and S. V. Shaposhnikov. Integrability and continuity of solutions to double divergence form equations. Ann.
Mat. Pura Appl. (4), 196(5):1609-1635, 2017.

Y. Capdeboscq. Homogenization of a diffusion equation with drift. C. R. Acad. Sci. Paris Sér. I Math., 327(9):807-812, 1998.
D. Cioranescu and P. Donato. An introduction to homogenization, volume 17 of Ozford Lecture Series in Mathematics and its
Applications. The Clarendon Press, Oxford University Press, New York, 1999.

W. E and B. Engquist. The heterogeneous multiscale methods. Commun. Math. Sci., 1(1):87-132, 2003.

Y. Efendiev and T. Y. Hou. Multiscale finite element methods, volume 4 of Surveys and Tutorials in the Applied Mathematical
Sciences. Springer, New York, 2009. Theory and applications.

A. Fannjiang and G. Papanicolaou. Convection enhanced diffusion for periodic flows. SIAM J. Appl. Math., 54(2):333-408,
1994.

X. Feng, L. Hennings, and M. Neilan. Finite element methods for second order linear elliptic partial differential equations in
non-divergence form. Math. Comp., 86(307):2025-2051, 2017.

B. D. Froese and A. M. Oberman. Numerical averaging of non-divergence structure elliptic operators. Commun. Math. Sci.,
7(4):785-804, 2009.

D. Gallistl. Variational formulation and numerical analysis of linear elliptic equations in nondivergence form with Cordes
coefficients. SIAM J. Numer. Anal., 55(2):737-757, 2017.

D. Gallistl and E. Siili. Mixed finite element approximation of the Hamilton-Jacobi-Bellman equation with Cordes coefficients.
SIAM J. Numer. Anal., 57(2):592-614, 2019.

D. Gilbarg and N. S. Trudinger. Elliptic partial differential equations of second order. Classics in Mathematics. Springer-Verlag,
Berlin, 2001. Reprint of the 1998 edition.

P. Grisvard. Elliptic problems in monsmooth domains, volume 69 of Classics in Applied Mathematics. Society for Industrial
and Applied Mathematics (STAM), Philadelphia, PA, 2011. Reprint of the 1985 original.

F. Hecht. New development in freefem++. J. Numer. Math., 20(3-4):251-265, 2012.

T. Hell and A. Ostermann. Compatibility conditions for Dirichlet and Neumann problems of Poisson’s equation on a rectangle.
J. Math. Anal. Appl., 420(2):1005-1023, 2014.

T. Hell, A. Ostermann, and M. Sandbichler. Modification of dimension-splitting methods—overcoming the order reduction due
to corner singularities. IMA J. Numer. Anal., 35(3):1078-1091, 2015.

P. Henning and M. Ohlberger. A note on homogenization of advection-diffusion problems with large expected drift. Z. Anal.
Anwend., 30(3):319-339, 2011.

G. Iyer, T. Komorowski, A. Novikov, and L. Ryzhik. From homogenization to averaging in cellular flows. Ann. Inst. H. Poincaré
Anal. Non Linéaire, 31(5):957-983, 2014.

T. Kinoshita, Y. Watanabe, N. Yamamoto, and M. T. Nakao. Some remarks on a priori estimates of highly regular solutions
for the Poisson equation in polygonal domains. Jpn. J. Ind. Appl. Math., 33(3):629-636, 2016.

O. Lakkis and T. Pryer. A finite element method for second order nonvariational elliptic problems. SIAM J. Sci. Comput.,
33(2):786-801, 2011.

A. H. Schatz. An observation concerning Ritz-Galerkin methods with indefinite bilinear forms. Math. Comp., 28:959-962, 1974.
I. Smears and E. Siili. Discontinuous Galerkin finite element approximation of nondivergence form elliptic equations with
Cordes coefficients. SIAM J. Numer. Anal., 51(4):2088-2106, 2013.

I. Smears and E. Siili. Discontinuous Galerkin finite element approximation of Hamilton-Jacobi-Bellman equations with Cordes
coefficients. STAM J. Numer. Anal., 52(2):993-1016, 2014.

L. Tartar. The general theory of homogenization, volume 7 of Lecture Notes of the Unione Matematica Italiana. Springer-
Verlag, Berlin; UMI, Bologna, 2009. A personalized introduction.



